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MAGIC RECTANGLES IN THE TABLE OF THE 32 
CLASSES OF SYMMETRY 
I. I. SHAFRANOVSKII 
Mining Institute, Leningrad,  U.S .S .R.  
Abst ract - -A  reexamination of the classical table of the 32 crystallographic classes of symmetry is 
presented. Interesting features emerg~ as pair-wise products of the symmetry orders are formed. The 
Table of the 32 classes reveals additional information concerning simple and composite wins as well 
as epitaxy growth. 
The 32 classes of finite crystallographic symmetry isgenerally recognized as the basis of classical 
geometrical crystallography. The symmetry classification of natural and artificial crystals is 
fully covered by them and the system is complete. The table of the 32 classes is associated with 
the names of M. L. Frankenheim (1826)[1], J. F. H. Hessei (1830), and A. V. Gadolin (1867). 
The present paper shows that there is a wealth of information in the Table of the 32 classes 
hitherto unrecognized in spite of the long history of applications of this Table in crystallography 
and mineralogy. In addition to its value in classification, the Table contains a number of 
interesting mathematical regularities as will be indicated. 
A variant of the Table of the 32 classes was communicated by Boldyrev and Dolivo- 
Dobrovolskii in 193412]. This variation is used for further consideration i the present work. 
A simplified version is given in Table 1 which is similar to those found in some text books on 
elementary crystallography. The classes are denoted (in italics) according to C. Hermann and 
C. Mauguin. The triclinic and monoclinic systems are combined in one according to Fedorov[3]. 
The main advantage of this table is in its rigor and simple visualization at the same time. The 
format also facilitates the understanding of the regularities which are the focus of this paper. 
Notice now the numbers parenthesized in each cell of Table I under the Hermann-Mauguin 
notations. These numbers give the order of symmetry for each class. This order is determined 
by the number of homogeneous points connected by the symmetry elements of a given class. 
It corresponds also to the number of faces of a simple form belonging to this class. 
Multiplying the orders of column I from top to bottom by the orders of column V from 
bottom to top, in sequence, we always get the same number, 48: 
1 x 48  = 48 
2 x 24 = 48 
3 x 16=48 
4x  12=48 
6× 8=48 
12 x 4 = 48 
V 
The same result is obtained when multiplying the orders of column II from top to bottom by 
the orders of column IV from bottom to top, in sequence. The products of the orders in column 
III yield the same number if going gradually from the top and bottom towards the center, to 
wit 
III line 1 & line 6, 2 x 24 = 48 
l ine2&l ine5 ,4  x 12 = 48 
l ine3&l ine4 ,6  × 8 = 48. 
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Table I. The 32 Symmetry Classest 
Types 
Systems 
I. Tricl inic- 
monoclinic 
2. 0rtho- 
rhombic 
3. Trigonal 
4. Tetragonal 
5. Hexagonal 
6. Cubic 
I I I  
Primi t i  ve Central 
i ,  
(1) (2) 
(4) 
3 ~ 
(3) (6) 
4 4/m 
(4) (8) 
e e/m 
(6) (12) 
23 m3 
(12) (24) 
I I I  IV V 
Plane- 
Planar Axial axial 
m 2 2/m 
(2) (2) (4) 
.~ 222 
(4) (4) (8) 
~m 82 )m 
(6) (6) (]2) 
422 4/n1~m 
(8) (8) (16) 
5~ 622 6/r~'~ 
(12) (12) (24) 
43m 438 m3m 
(24) (24) (48) 
VI VII 
Inverse- Inverse- 
primitive planar 
(4) (8) 
(6) (12) 
tThe parenthesized numbers under the Herrmann-Mauguin notations tand for the order of symmetry. 
Table 2. Compilation of pair-wise products 
Labels .Sj~nmetr£ Classes Products Examples 
I / l  & V/6 I & m3m m3m 
I12 & V/5 2 ~ 6/mmm 18/rnmm Graphite 
I/3 & V/4 3 & 4/mmm m3m and 28/~rmn Pseudo-bol6ite,rutile 
I/4 & V/3 4 ~ 3m mR and 12/.~rrn Salmiak 
115 & V12 e ~ ~ 22 /~ 
I/6 & V/l 23 ~ 2/m m3m Harmotone, pif i l l ipsite 
I I / l  & IV/6 ~ ~ 432 m3m Plagioclase 
II/2 & IV/5 2/m ~ 622 12/r, rnrn 
I I /3 & IV/4 ~ ~ 482 m~m ar~ 12/rmrn 
I I /4 & IV/3 4/m ~ 32 m3m an(f 12/mmm Quartz 
I I/5 & IV/2 6/m ~ 822 12/rmnm 
11/6 & IV/I m3 ~ 2 m3m Pyrite 
Eulytine, helvine I I I / l  & 1II16 m ~ I r~ mR 
111/2 & 111/5 ~m & ~ 18/mrrra 
I I I /3 & 11114 ~ ~ ~ m~mand 18/rmrm 
VI/4 & VII/5 [~  ~ 12/r~rn 
VI/5 & VII/4 T& ~ 12/nrmn 
(a) 
(c) 
Magic rectangles in the table of 32 classes of symmetry 
(b) 
(d) 
(e) (f) 
Fig. I. Complex twins with generalized symmetry m3m: (a) Pseudo-boleite (4 / mmm), (b) Salmia_k (' '4 / mmm" ), 
(c) Salmiak/aggregate ("3m"), (d) Phillipsite (2/m), (e) Pyrite (m3), (f) Eulytine (43m). 
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Fig. 2. Graphite twin with common symmetry 12/mmm. 
Incidentally, this can be done with the orders of either column I1 or column IV. Finally, 
multiplying the orders of columns VI and VII along the diagonal, again 48 is obtained. 
Examine now the practical implications of the above relationships. All the products yielding 
48 satisfy either m3m or 12/mmm, or both as shown in Table 2. From here the conclusion 
suggests itself: the enumerated pairs of symmetry classes correspond to possible combinations 
of symmetry for Crystal growth[4]; mainly complex twins, with generalized six-fold symmetries 
m3m (Fig. 1) and 12/mmm (Fig. 2). The latter noncrystallographic class occurs, for example, 
in graphite twin with growth face (0001) and rotation angle of 30 ° around the rotation axis 
Ld5]. A simple form with m3m symmetry is a 48-hedron--hexoctahedron. The symmetry 12/ 
mmm has not been found in separate crystals and may be considered as a generalized form for 
twins as a 48-hedron bis-dodecahedral, bipyramid. 
It is left to the reader to find further egularities in Table 1 which is in fact analogous to 
the "Magic Quadrangle". It is not our task here to interpret the mathematical nature of the 
above regularities. Our goal was simply to call attention to the crystallographic consequences 
emerging from them[6]. 
To summarize, the system of the 32 symmetry classes in the form as given in Table i 
provides ground for discussing regular crystal growth, both simple and composite, as well as 
epitaxy growth. 
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